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Abstract 

We argue why it is important to search beyond the superstring for 
consistent string theories that have space-time supersymmetry with 
critical space-time dimensions less than 10. We give a lengthy in- 
troduction on the motivation and approach. We discuss briefly some 
promising possibilities, namely, fractional superstrings. More specifi- 
cally, we consider the = 4, or spin-4/3 fractional superstring, which 
has a 3-dimensional flat Minkowski space-time representation with 
bosons and fermions in its spectrum. Its central charge of 5 is less 
than the critical value of 10. The no-ghost theorem for the bosonic 
sector is proved, using the recently constructed Kac determinants. We 
summarize the present status and point out some open questions. 

Talk at the conference "Strings 93", Berkeley, May 23-29, 1993. 



1 Introduction 

String theory is the only known theory with the potential for describing all 
matter and forces in nature in a unified way. In particular, the superstring 
theory and the closely related heterotic string theory entail many structures, 
including gravity, gauge fields and chiral fermions, that are central to the 
present understanding of our universe. However, their critical space-time 
dimension is ten, and there are numerous mechanisms to reduce the number 
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of observable space-time dimensions. Although the number of models in ten 
dimensions is very limited, namely the 5*0(32) and the Eg^Eg models|]l|, the 
number of models with four flat space-time dimensions is huge. Furthermore, 
there is no known compelling reason why the superstring theory should have 
only four large space-time dimensions. While it is important to search for 
dynamical and/or symmetry reasons explaining how and why our universe 
can be realized in the heterotic/superstring framework, it is also important 
to search for a new string theory that gives four large space-time dimensions 
naturally. Whether such a string theory exists or not is a question that we 
should be able to answer definitively. 

For self-consistency, it is reasonable to request that the new string the- 
ory have space-time supersymmetry(SUSY). Let us recall the superstring 
case, ensional superstring model with spacetime SUSY automatically has 
a zero cosmological constant to all orders in perturbation theory. On the 
other hand, a non-supersymmetric string model has, generically, a non-zero 
cosmological constant through string loop corrections. Such a cosmological 
constant is typically over a hundred orders of magnitude too big. One may ar- 
gue that this does not happen in superstring theory, where space-time SUSY 
is broken spontaneously. The argument is based on two observations: (1) 
in string theory, a non-zero cosmological constant will destroy the factoriza- 
tion property in multi-loop string diagrams, thus invalidating the consistency 
of string perturbation expansions; (2) starting with a consistent quantum 
theory, spontaneous/dynamical symmetry breaking will occur only in a self- 
consistent way. These observations imply that, if a superstring model with 
spacetime SUSY is a consistent quantum theory, then, after SUSY breaking, 
it must remain a consistent theory, i.e., the resulting cosmological constant 
in fiat Minkowski spacetime must remain precisely zero, since a consistent 
string perturbative expansion must exist in the new non-supersymmetric vac- 
uum. Of course, this argument sheds no light on whether or not (or how) 
SUSY breaking takes place in string theory. 

So our goal is to search for the existence of new consistent string the- 
ories that have space-time SUSY and lower critical space-time dimensions. 
Our approach starts from the string world-sheet. String theories are charac- 
terized by the local symmetries of two-dimensional conformal field theories 
on the string world-sheet. The bosonic string is invariant under diffeomor- 
phisms and local Weyl rescalings on the world-sheet; whereas the superstring 
is characterized by a locally supersymmetric version of these symmetries. 
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This involves a spin-3/2 supercurrent, in addition to the energy-momentum 
tensor, on the string world-sheet. It is natural to ask whether other sym- 
metries on the world-sheet can give rise to consistent string theories, which 
have lower space-time dimensions. To obtain a string theory from the world- 
sheet symmetry, the symmetry algebra is treated as a constraint algebra on 
the string Fock space. This approach have been successfully applied to the 
bosonic string and the superstring. It is natural to conjecture that, given any 
world-sheet symmetry algebra, there is a corresponding string theory with 
that algebra as the constraint algebra. Recently, a lot of progress have been 
made on the W-string[^, supporting this conjecture. 

The first step of this approach is to understand the properties of world- 
sheet symmetries. I give an overall view of the possible world-sheet symmetry 
algebras. Specific examples [Q] are given to illustrate the richness of possibil- 
ities. In Section 2, I discuss some specific possibilities of new string theo- 
ries, namely, fractional superstrings. Since the properties of fractional super- 
strings were described in detail in the literature [4- 13], I shall restrict myself to 
a brief summary of the present status and some remarks. Then I shall discuss 
a specific example, namely, the K = 4, or spin-4/3 fractional superstring [|T0| 



This theory is the simpliest non-trivial example, and is characterized by a 
chiral algebra involving a pair of spin-4/3 currents on the world-sheet in 
addition to the energy-momentum tensor [Q. Scattering amplitudes of this 
theory are briefly described. They satisfy both spurious state decoupling and 
cyclic symmetry (duality). Examples of such amplitudes are calculated using 



an explicit c = 5 realization of the spin-4/3 current algebra 1 10 1. This repre- 



sentation has a 3-dimensional flat Minkowski space-time interpretation, with 
fermions and bosons only in its spectrum|ll]]. The no-ghost theorem for the 



bosonic sector is proved using the recently constructed Kac determinants! 12 



Again, I shall restrict myself to a brief introduction and a summary of the 
present status. Section 3 contains some remarks. 

The structure of two-dimensional conformal field theories(CFT) is in large 
part determined by their underlying conformal symmetry algebra, which or- 
ganizes all the fields in a CFT into sets of primary fields of definite conformal 
dimensions, and their associated infinite towers of descendant fields. The 
fundamental conformal symmetry is the Virasoro algebra. The most general 
extended conformal symmetry algebra can be written as follows. Consider a 
set of currents Ji{z), primary with respect to T{z), with conformal dimen- 
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sions hi, where i E {1,2,..., A^}: 



^/ x^/ X c/2 2Tiw) dTiw) 

T{z)T{w) = ' + ^ ^ + + ... , 1 

\z — wY [z — wY [z — w) 



T(z)JAw) 



hiJiiw) dJiiw) 



{z — wY (z — w) 

The operator product expansions (OPEs) among the currents have the fol- 
lowing generic form: 

Mz)J,{w) = + ....)+ (2) 

k 

where qij and fijk are structure constants. The ellipses stand for current 
algebra descendants, whose dimensions differ from those of the identity and 
the Jk by positive integers. Since the algebra is chiral, i.e., independent of 
z, the conformal dimensions are the spins of the fields. The parameters c, 
hi, qij and fijk are not free and must be chosen such that the algebra(0) is 
associative. This condition places strong constraints on the set of consistent 
conformal dimensions hi and restricts the structure constants qij and fijk as 
functions of the central charge c. 

Extended conformal algebras naturally fall into three classes: 

(i) Local algebras: the simplest type, where all powers of (z—w) appearing 
in @ are integers. This class includes the most familiar extended algebras, 
such as the super conformal, Kac-Moody and Wn algebras. These examples 
are unitary and therefore consist of currents with only integer and half-integer 
spins. 

When fractional powers of {z — w) appear in some of the OPEs in (|^), 
some of the currents will necessarily have fractional spins. In this case, the 
algebra is non-local, due to the presence of Riemann cuts in the complex 
plane. Such algebras are more complicated to construct and analyze than 
the local ones. Among non-local algebras there is a further division, again 
along lines of complication. 

(ii) Abelian non-local algebras: also known as parafermion (PF) or gener- 
alized parafermion current algebras, were first constructed by Zamolodchikov 
and Fateev||T6[|. They are the simplest type of non-local algebras, involving 
at most one fractional power of {z — w) in each OPE in (^). Any two cur- 
rents in a PF algebra obey abelian braiding relations, i.e., upon braiding the 
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two currents (analytically continuing one current along a path encircling the 
other), any correlation function involving these two currents only changes by 
a phase. The analysis of the associativity conditions for PF theories can be 
carried out using algebraic methods. 

(iii) Non-abelian non-local algebras: or non-abelian algebras for short, 
since they are necessarily non-local. This is the most general class of extended 
algebras. Their characteristic feature is that their OPEs involve multiple 
cuts, i.e., there are terms in at least one of the OPEs in (Q) with different 
fractional powers of {z — w). Any two fractional spin currents appearing in 
one of these OPEs will in general obey non-abelian braiding properties. The 
analysis of the associativity conditions for non-abelian algebras requires more 
powerful methods. 

In general, the holomorphic n-point correlation functions of the currents, 
{Ji{zi)Jj{z2)....Jk{zn)) , can be expressed as a linear combination of some 
set of conformal blocks. The relative coefficients of the various conformal 
blocks are fixed by the closure condition and the associativity condition. The 
closure condition is simply the requirement that no new currents beyond 
the currents of the algebra should appear. Associativity is the condition 
that the particular linear combination of conformal blocks that appears in 
the n-point function is invariant under fusion transformations (i.e., duality). 
For the local algebras, each conformal block involves only integer powers 
of {zi — Zj); for the abelian non-local algebras, each correlation function 
of the parafermion currents has exactly one conformal block, even though 
it involves fractional powers of {zi — zj). Of course, for the most general 
case we expect each correlation function to have multiple conformal blocks, 
and the conformal blocks to involve different fractional powers of {zi — Zj). 
This general case corresponds to the non-abelian non-local algebras. From 
this point of view we see that upon braiding the currents, the correlation 
function is, in general, transformed into an independent linear combination 
of conformal blocks. This reflects the different phases that are picked up 
upon analytically continuing the different fractional powers of {zi — zj). 

The different braiding properties of the different types of extended al- 
gebras described above are reflected in the moding of their currents. On a 
given state in any representation of the algebra, we can obtain new states by 
acting with current modes 

■J-ni-n -J-m-ri ■ ■ ■ ■J'^im-r,n I ' (^) 
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where the rij are integers and the rj are fractional in general. For local 
unitary algebras, the half-integer spin currents can have only integer or half- 
integer modings, and = r2 = ■ ■ ■ = = r where either r = or r = i, 
depending on the state |$). For PF theories, the situation is slightly more 
complicated. Generically the are different, determined by the state |$) 
and the currents that preceded it. For non-abelian algebras, the moding of 
a particular current in (|) is not unique; it depends both on the state it 
operates on as well as on the state we want it to create. 

Another useful way to classify symmetry algebras is their linearity prop- 
erty. An algebra is said to be linear if tensoring any two of its representations 
automatically gives a representation of the same algebra. The Virasoro and 
the superconformal algebras are linear in this sense. Most other algebras are 
non- linear, i.e., they do not have this property. The construction of repre- 
sentations for these algebras are rather non-trivial. 



The first set of non-abelian algebras was conjectured in Ref.[0 and ex- 
plicitly constructed in Ref. [^. Consider a fractional supercurrent G with 
conformal dimension (i.e., spin) A = {K + 4:)/{K + 2). The following OPEs 
define the level K FSCA with arbitrary central charge c: 

T{z}T{w) = + + + ... , 

[z — w)^ [z — wY [z — w) 

T{z)G{w) = ^ G{w) + -^-dG{w) + ... , (4) 

[z — wY [z — W) 

Giz)Giw) = iz- w)-^'' ||- + 2(^ - wYTiw) + ...| + 
X{c){z - w)~^ + ^{z - w)dG{w) + ... 

The associativity condition for this algebra fixes the structure constant A^(c): 

Here cm is the SU{2)k structure constant for the OPE of two chiral spin- 
1 primary fields to give a chiral spin-1 field. It depends only on K and is 
exphcitly given in Ref.0; Ci = 24/ K + cq, and Co=3K/{K + 2). 

For K = 1, G{z) is absent and we recover the Virasoro algebra. For 
K = 2, Cm is zero and we recover the usual superconformal algebra, which 



6 



has no cuts in the compex plane in its OPEs. The absence of cuts is an 
enormous simphfication, and is the reason why the superconformal algebra 
is substantially easier to study than the K > 2 cases. We call these algebras 
the fractional superconformal algebras (FSCAs), since they are the natural 
generalization of the superconformal algebra. The closed algebra generated 
by the currents T{z) and G{z) is the level K FSCA. It is closely associated 
with the SU {2)k WZW model, in the sense that a representation of level K 
FSCA can be constructed from the currents and the j = 1 fields of SU{2)k- 
We can also construct representations using T^k parafermions. We note that 
there exist other level K FSCAs with additional fractional supercurrents [0]. 
It is not hard to convince oneself that, for each affine Lie algebra, there is 
at least one such corresponding extended conformal symmetry algebra; some 
examples are algebra associated with ^^/(A^)!!!^ and the PF current 
algebras associated with so(A^)2[|I^. The usefulness of these symmetry al- 
gebras in organizing CFTs is illustrated by the application of FSCA to the 



SU{2) WZW coset models 15, 19 



2 Fractional superstrings 

It is natural to ask whether symmetries other than the superconformal sym- 
metry on the world-sheet can give rise to consistent string theories, which 
have lower space-time dimensions. Recently, we find strong evidence for new 
string theories based on FSCAs, called fractional superstrings (FSS), which 
have interesting phenomenologies in space-times with critical dimensions less 
than 10. The evidence come from the following: 

(1) Critical central charge and null states; any consistent string theory is 
expected to have extra sets of physical null states at a special value of the cen- 
tral charge, known as the critical central charge. This property is presumably 
a reflection of the underlying gauge symmetry of the string theory. Recently 
the Kac determinants for the level K FSCA have been constructed using the 
BRST cohomology techniques developed in the conformal field theory |T^]. 
In particular, we reproduce the Kac determinants for the Virasoro {K = 1) 
and the superconformal [K = 2) algebras. The Kac determinant formulae 
allow us to examine the null state structure of plausible critical FSS with an 
arbitrary level K world-sheet fractional supersymmetry. The critical central 
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charge is found to beH, IT2 



_ 6K 24 

Ccritical — Ci + Cq — + 17 • ("J 

A + z A 

Note that this recovers the well-known results for the bosonic {K = 1, with 
Ccritical = 26) and the superstring {K = 2, with Ccriticai = 15) theories. This 
result also agrees with the more explicit determination of the spin-4/3 {K = 
4, with Ccritical = 10) FSS given in Appendix E of Ref. f^. 

(2) One-loop modular invariant partition function; since the fractional 
superstring involves world-sheet fractional spin fields, i.e., parafermions, we 
search for closed string modular invariant partition functions that: (i) in- 
volve parafermion characters, (ii) contain the massless graviton, and (iii) are 
tachyon-free. Rather unique solutions are obtained, and they are consistent 
with space-time supersymmetry|^, |^. The FSS with spin-3/2 {K = 2), 4/3 
{K = 4), 6/5 {K = 8) and 10/9 {K = 16) fractional supercurrent on the 
world-sheet seem to have maximum flat dimension 10, 6, 4 and 3 respectively. 
Of course, the spin-3/2 case is simply the usual superstring. It is natural to 
view the other cases as non-trivial generalizations of the superstring case. 

(3) Tree-level scattering amplitudes; we construct tree-level scattering 
amplitudes for the spin-4/3 fractional superstring[|T^]. Despite the non-local 
and non-linear structure of the world-sheet symmetry, we construct the N- 
point scattering amplitude for bosons and demonstrate its cyclic symmetry 
(duality) and the decoupling of spurious states to the physical states. In a 
particular representation which has a three dimensional Minkowski space- 
time, we also argue that only space-time bosons and fermions are present in 



this model ||10|, |Tl|. The closed string version contains the massless graviton. 

(4) No-ghost theorem; we apply the Kac determinant formula for the 
K=4 FSC algebra to the above three-dimensional Minkowski space-time rep- 
resentation of the spin-4/3 fractional superstring |T^. We prove the no-ghost 
theorem for the space-time bosonic sector of this model; that is, at the tree- 
level scattering, its physical spectrum is free of negative-norm states. 
Here, a few remarks on the above properties are in order: 
(a) In the construction of the modular invariant partition functions, we 
found the critical dimension to be, for K > 1, -Dcrit = 2 + 16/ K. There, 
we tensor (-Dcrit — 2) copies of Zk parafermions plus boson in the light- 
cone gauge, each copy with central charge Cq. Naively, this would imply 
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that the critical central charge is Ccrit=-DcritCo=6(i^ + 8)/{K + 2), which dis- 
agrees with (^. However, a remarkable cancellation happens in the mod- 
ular invariant partition functions, within the characters of the sectors con- 
taining the massless fields. This delicate cancellation, referred to as "inter- 
nal projection" [Q, reduces the central charge in the light-cone gauge from 
cic = (-Dcrit — 2)co = 4:8/ {K + 2) to an effective value Qc = 24/ K. This can 
agree with if we add back the central charge 2cq for the time and lon- 
gitudinal dimensions0. This "internal projection" feature is not surprising, 
for the following reason. The level K FSCA are non-linear for K > 2, so its 
representations cannot be obtained from tensoring copies of Zk parafermion 
plus boson X^. Inside the space of tensored copies, one can imagine a projec- 
tion to a subspace of states which does form a representation of the algebra. 
The explicit construction discussed later in this section is motivated by this 
observation. Since the K = 2 FSCA (the superconformal algebra) is linear, 
there is no internal projection for the superstring case. 

(b) It was argued that the critical dimensions for the K = 4 and K = 8 
FSS are 6 and 4 respectively. However, a closer examination!^ of the modular 
invariant partition functions for these two cases indicates that they do not 
have the necessary Lorentz symmetry: the K = 4 modular invariant partition 
function allows at most a four- dimensional Poincare symmetry while the 
K = 8 case allows at most a three-dimensional Poincare symmetry. This 
seems to imply that the two of the flat directions in the K = 4 FSS cannot 
be normal space-time dimensions. To avoid a continuous spectrum, they 
must be compactified. This maximum possible space-time dimension was 
referred to as the "natural dimension" , as opposed to the critical dimension. 
In this sense, the K = 4 FSS is the phenomenologically interesting theory 
to pursue, since its natural space-time dimension is 4. As we shall see in the 
next section, the K = 4 FSS is also by far the easiest case (among all FSS 
with non-linear FSCA) to study. 

(c) In uncompactified superstrings, the spectrum does not contain chiral 
fermions in fundamental representations of gauge groups. They appear only 
after appropriate compactification. On the other hand, it is the compact- 
ification that removes the uniqueness of the superstring theory, and raises 
the non-trivial dynamical questions of why and how does it happen. So it 
is intriguing to see that the K = 4 FSS has natural dimension of 4, which 
is less than its critical dimension of 6; in this situation, one can hope the 
compactification of the extra dimensions to appear more naturally[^. Of 
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course, an explicit realization of this feature remains to be found. 

To be concrete, let us consider the K = 4 FSCA. This is the simpliest 
non-trivial case because one can split the G current into two pieces, G{z) = 
G~^{z) + G~{z), which then satisfy abelian braid relations: 

GHz)G^w) = ^^-i^ {f + - -)'^H + •••} ' (7) 
GHz)GHw) = ^73^ [g^M + - w)dG^iw) + ...} . 
Here, = (8 — c)/6. In this split form, this algebra is the spin-4/3 para- 



fermionic current algebra constructed by Zamolodchikov and Fateev [|T4 
Appendix C of Ref . gives a detailed construction of this algebra. To con- 
struct a string theory based on this algebra, we use an approach that mimics 



the original construction of the superstring||20||. By analogy with the super- 
conformal gauge of the superstring, the stress-energy tensor and fractional 
supercurrents are assumed to generate the physical state conditions. In par- 
ticular, physical states, taken to be annihilated by all the positive modes 
Ln and Gf of T and respectively, are the highest-weight states of the 
FSC algebra. This FSC algebra has a Z3 symmetry. In particular, the cur- 
rents G~^ and G~ can be assigned Z3 charges q = 1 and —1, respectively, 
while the energy-momentum tensor T (as well as the identity) has charge 
q = 0. So the highest-weight modules of this algebra are organized by the 
Z3 symmetry of the algebra. Highest-weight states with Z3 charge ±1 are 
said to belong to D-modules, while those with Z3 charge are in S-modules. 
The consistency of the FSS can be demonstrated by defining tree scattering 
amplitudes and showing that they are consistent with the assumed physical 
state conditions following from the spin-4/3 FSCA. In other words, in tree 
scattering, physical states never scatter to unphysical states, and null states 
can also be consistently decoupled from scattering of other physical states. 
This property is commonly referred to as spurious state decoupling, and can 
be shown in a representation-independent way. The argument for spurious 
state decoupling follows closely that used in the "old covariant formalism" 



pi|] for ordinary superstring amphtudes; 

Scattering of D-module states can be written in three physically equiva- 
lent "pictures," reflecting the Z3 symmetry of the fractional superconformal 
algebra, in which the vertex operators for scattering can be one of of 
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confer mal dimension 1/3 and Z3 charge ±1 or V of conformal dimension 
1 and Z3 charge 0. In the old covariant formahsm, the N-point scattering 
amphtude can be written in three pictures 

An = 2{W+\VN-i{l)^....m{l)\W{) 
= 2(iy^|Viv-i(l)A.._..A\/2(l)|iy+) 
= {VN\VN-i{l)^....m{l)\Vi). (8) 

Here the propagators are A = (Lq — |)^^ and A = (Lq — 1)~^; and the vertex 
operators are related by 

V^(l)] = (^0 + r - ^) W\l) - W\l) (Lo - (9) 

for all r G Z/3. This is closely analogous to the two different pictures for 
scattering of Neveu-Schwarz sector states in the old covariant formalism for 
the ordinary superstring, in which vertex operators can be either G-parity 
even dimension-1/2 operators or G-parity odd dimension-1 operators (this 
property follows from the Z2 symmetry of the super conformal algebra). Scat- 
tering of S-module states is problematic due to the absence of an appropriate 
dimension-1 vertex operator in that sector. Since the S-module typically con- 
tains the tachyonic state, we are fortunate that they can be decoupled from 
tree scattering amplitudes of D-module states by a Z3 analog of the GSO 
projection A separate issue that can be addressed at tree level is the 
unitarity of scattering amplitudes. In particular, spurious state decoupling 
implies unitarity only if one can prove that the space of physical states has 
non-negative norm. This latter property is called the no- ghost theorem. Us- 
ing the recently constructed Kac determinants for FSCAs, such a theorem is 
proven in Ref. |]12| for the three-dimensional model that we shall now discuss. 



This model is a particular conformal field theory representation of the 
spin-4/3 FSC algebra with central charge c = 5. It is made up of three free 
coordinate boson fields on the world-sheet and a two-boson represen- 
tation of the so(2, 1)2 WZW model, which is closely related to the S'f/(3)i 
WZW model; (note that, conformally, S'?7(3)i=5'[/(2)4=so(3)2). This model 
has a global three-dimensional Poincare invariance. The non-linear nature 
of the spin-4/3 FSC algebra makes the existence of such a representation 
non-trivial. Also, the states in the model are found to be space-time bosons 
or fermions, showing that the existence of fractional-spin constraints on the 
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world-sheet need not imply fractional spins in space-time. The untwisted 
sectors of this FSCA describe space-time bosonic physical states in this rep- 
resentation. In particular, the lowest-mass D-module states describe massless 
gauge fields for the open string and a graviton for closed fractional super- 
strings. 

Since three-dimensional Minkowski space-time is too small to decribe na- 
ture, it is encouraging that the central charge of the three-dimensional model 
is less than the critical value of 10, allowing the possibility of a critical spin- 
4/3 fractional superstring containing four-dimensional Minkowski space-time. 

3 Discussion and outlook 

Of course, the existence of FSS remains to be demonstrated. There are many 
open questions remain to be answered. More specifically, we are still steps 
away from showing that 

(1) consistent fractional superstring theory exists and 

(2) it is phenomenologically interesting. 

However, we are encouraged by some non-trivial "coincidences" that are 
worth emphasizing. Let me mention two: 

(1) In the construction of modular invariant partition functions, typically 
one finds there are more constraints than the number of parameters available 
in finding a solution. A priori, solutions should not exist, but they do. 

(2) In the construction of scattering amplitudes for D-module states in 
the K = 4 FSS, which includes the massless vector particle as the ground 
state, the constraints necessary for spurious state decoupling and for picture- 
changing to work seems to be tighter than the freedom allowed by the pa- 
rameters present. Naively, the picture-changing formula (y) should not exist 
a priori, but it does. 

We believe that these "coincidences" are really a reflection of an under- 
lying consistent theory being looked at from a funny angle. They clearly 
suggest that FSS is tighter than the usual superstring theory. This can be 
seen in other ways as well: 

(1) the number of possible modular invariant partition functions of both 
the FSS type and the heterotic type are a lot fewer than in the correspond- 
ing cases in usual superstring, at any fixed space-time dimensions 0. This 
comes about because of (i) the initial critical dimension of FSS starts out 
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to be smaller than that of the superstring; so there are less dimensions to 
compactify; and (ii) the FSCAs underlying the FSS are non-linear, hence 
there are fewer representations for fixed central charge. 

(2) the tachyonic state (or any state in the same sector) in the Neveu- 
Schwarz sector is completely consistent in the superstring theory, even though 
it is undesirable phenomenologically; the same tachyonic state (or any state in 
the same sector) in the K = 4 FSS is not consistent: the four-point scattering 
amplitude of such states does not exist in the old covariant formalism. So, 
the GSO-like projection is necessary in the FSS case even at the tree-level. 

At the moment, we are trying to construct the BRST ghosts and the 
BRST invariance of the K = 4 FSS. Here, the ghosts are expected to cou- 
ple to the matter fields, much like the Yang-Mills theory. In this case, one 
should seek a c — representation of the FSC algebra that contains both 
the matter and the ghost fields and permits the construction of a nilpotent 
BRST charge. Within this c = representation, the goal is to find a c = 10 
sub-representation that has a four-dimensional Poincare invariance. Unfortu- 
nately, there is no clear guideline on how to search for such a representation. 
It is interesting to note that, since so(4) = so{3) ® so(3), the world-sheet 
symmetry algebra corresponding to so(4)2 is simply two copies of the spin- 
4/3 algebra; however, the coordinate bosons coupled to the so(3)2 model in 
our c = 5 representation do not transform in the vector representation of 
so(4), and so cannot give a flat space-time interpretation. 

In general, other fractional superstrings will be technically more difficult 
to work with than the spin-4/3 FSS. The main reason is that the general FSC 
algebra are non-abelian. Since conformally, su{2)2l = so{3)l, we expect all of 
them (at least the ones with even K) to have a representation (similar to the 
c = 5 one in the K = 4 FSS) with a three-dimensional Poincare invariance. 
However, like the K — 4 case, none of them will be at the critical central 
charge except when K is infinite. In this limit, the fractional supercurrent 
has conformal dimension 1, with Ccriticai = 6 for the corresponding FSS. The 
representation is made up of three free coordinate boson fields on the 
world-sheet and a three-boson representation of the so(2, l)oo WZW model, 
so the central charge equals Ccriticai- This string theory has critical space- 
time dimension 3, and it may be used to describe the three-dimensional Ising 
model. Since the OPEs in this K — oo FSCA has only poles, the analysis 
may be quite tractable. 
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